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The problem of controlling a stochastic system subject to the criterion that a generalized performance functional should be a
minimum [1] is considered. A method is proposed for solving the problem, based on an optimal control algorithm with a prognosing
model [1] and on the method of integral support curves for solving the Cauchy problem for ordinary differential equations [2—4).
The controls are synthesized in analytic form. Copyright © 1996 Elsevier Science Ltd.

1. GENERAL FORMULATION OF THE PROBLEM

There are two formulations of the problem of analytical design, due respectively to Letov—Kalman [5]
and Krasovskii [1). We will consider Krasovskii’s formulation as it applies to the stochastic system

Y+ L) =9(y,u+wy(y,0)n (1.1)
Y6, ¥0)= Yo, ercR', telty.tyl

where the functions f{y, t), ¢(y, 1), w(y, ¢) are such that the existence and uniqueness conditions for
solutions of Eq. (1. 1) are satisfied. In addition, f{(y, ¢) satisfies a Lipschitz condition in y with Lipschitz
constant L, n,(t) € R! is white Gaussian noise with mathematical expectatlon M(nl) 0 and variance
M(nl(t‘)nl(t")) S1(£*)d(e* —**), S1(¢) is the spectral density of the noise, 8(-) is the delta function,
u(t) € U C R! is a control that minimizes the mathematical expectation of a given generalized perfor-
mance functional [1]

M{TY = MOVt 3l + QLT Yo), e+ 7 L 20 y 12)

[(H) fo

V3(-), Q(-) are given positive-definite functions and u,, is the optimal control for system (1.1).

We shall consider the use of the prognosing-model method [1] to seek optimal controls of the scalar
object (1.1), i.e. controls that minimize the generalized performance functional (1.2). The results will
be extended to the multidimensional case later.

Suppose the observation equation is

Z=h()”1)+"2 (1'3)

where the function A(y, ) is assumed to be jointly continuous in both arguments, and n,(f) € R! is the
interference of the observation, which is Gaussian white noise with mathematical expectation M{n,) =
0 and variance M(ny(t*)n,(t**)) = Sy(£*)d(t* — t**).

According to the separation principle [1] for the observation (1.3), if the estimation of the state of
system (1.1) is sufficiently accurate in the sense of minimum root mean square error, the controls

u(t,y0) = —k*@(F,0BV(F.0)/ 50,0, (1.4)

will be optimal in the sense of minimizing the functional (1.2), where the function V{y, ) satisfies the
equation
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dV/at— f(y,t)oV/dy==0(y,t)

subject to the boundary condition (V(y, ty) = Vs(y).

According to the algorithm of optimal control with a prognosing model [1], the optimization interval
[20s tas] is divided into sufficiently short cycles At,, . | = t,, + 1 — L, (m =0, M — 1), in such a way that
for each fixed ¢ = ¢, we have the equality

Xy =Yy m=0,M~1 (1.5)
which determines the initial data t,,, x,,, necessary to solve the equation of free motion
X+ f(x,0)=0, xe XCR', teli,.1y) (1.6)

where x(¢, x,,,) = &(t, t,n, X,) is the solution of Eq. (1.6) corresponding to the initial data t,, x,, and ¥,
is an estimate of the state of system (1.1), supplied to the control system according to the results of the
observation at time ¢ = ¢,,,.

Taking (1.4) and (1.5) into consideration, we have the following estimate at the mth step

Tpa) = ~K2Q(Fps )V (2,1} Oxl, 5 s By = H(1,5,) (1.7)

1=ty

The function V(x, ) is specified in the form [1]
VX T 1] = V(g Gl | QUXC T tVts £ € [t tyg] (18)

As can be seen from (1.7), in order to determine an optimal control &, at the mth step (m = 0, 1,

.., m— 1) using a prognosing model, one must evaluate the partial derivative 0V/ax at the pointx =

Fms ¢ = t,. In practice this is done numerically, requiring a large number of “runs” of the model (1.6)
during each cycle Az, [1]).

To construct an approximate solution of the equation of free motion (1.6), one can use the method
of integral support curves (ISC) of the solution of the Cauchy problem for ordinary differential equations
[2—4]. The advantage of that method over the traditional approach is that it enables one to represent
the initial equation as an array of data, from which an approximate solution of the equation may be
obtained in analytic form with a given accuracy, i.e.

Ix(t,x, )= X(t x <€y, x,€X, t€t, . ty] 1.9)

where X (t, x,,,) is an approximate solution of Eq. (1.6) constructed using the ISC method for initial data
X, Iy and € is the maximum admissible error in the integration of Eq. (1.6). Obviously, when this method
is used the expression for the suboptimal control (1.7) may be obtained in analytic form.

In accordance with the ISC method [2], besides the mesh z,, (m =0, 1, . . ., M), we also introduce a
mesh 1) (k ='O, L..., K), 'w‘ith the stipulati.on [to, tm] < (20, t(K)].. In a special case, the meshpoints In
and ¢, may coincide. In addition, for the variable xg) = x(fg)) we introduce a meshx); (i =0, 1, .. .,
I) which, by analogy with [3], enables us to consider the family of particular solutions x(z, xg) = x(g):)
of Eq. (1.6) corresponding to a sequence of different initial data xg); (i = 0, 1,. . .,

x(t.x0) = X0 ) =&(t.kq). X0y ) X(H0y: X0y = X0y ) = Xop  (X(0pi ~ X(0pi-1 = Axgy,) (1.10)

Following the analogy with [2], we shall call this family the family of ISCs determined for the set of
meshpoints , (k = 0,1,...,K)and xq); ¢ =0, 1,..., 1) by the sequence of fixed values

Xty X0y = %03 ) = Etky» 10ys X (03 ) = Xayi (1.11)

We shall also assume that, as applied to (1.6), one can obtain data arrays X(M)_= o™, ..., X,
and YV = {YM ..., v/M where X;* = {x((i))‘., k=0,K,j=0,M -1} (i =0,1),YM= {x{f))‘.,i =
0,L,!1=0,N;-1} (k= 0,K). Here




Synthesis of suboptimal control of stochastic systems using a prognosing model 553

W) =3 J n _y l
xidy =9’ x(t,x0))/ 9t |,=,m X1y =0 x(t,x(o))/ax(o,hz,(k)
R (U (7} X=Xy

Using the algorithm of optimal control with prognosing model (1.1)-(1.8) and the method of ISCs
of the Cauchy problem [2-4], it is required to develop a new approach to the computation of approximate
(suboptimal) controls #p,4y (m =0,1,..., M- 1); this approach should enable us to form an analytic
expression for the control at the preliminary synthesis stage, and should guarantee that, if the integration
meshpoints in the ISC method are chosen in the optimal way, then

) — i< €1, m=0,M -1 (1.12)

where i, 1 is a control of system (1.1) that is exact (optimal) in the sense of minimizing the functional
(1.2), and ¢, is the maximal admissible error in computing the control inputs.

2. CONSTRUCTION OF A SOLUTION OF THE EQUATION
OF FREE MOTION

Construction of a solution based on xg?)i
We will represent the exact solution of the Cauchy problem for Eq. (1.6) in the domain X X [tg, um],
for initial data xg) and ¢(g), in the form

x(t, x0y) = &t 10y X)) ¥(t(0y» X(0)) = X(0)»  X(0) € X(0) © X (21)

To construct an analytic solution of Eq. (1.6) for the problem in question, we shall assume that the quanti-
ties xg?)., which may bz calculated by numerical-analytical operations, are known. Thus, the first and second
derivatives with respect to time, x((}‘))‘ and x((i))‘., respectively, may be computed from the formulae

a _ 2) _ £() 1
£ = Fragtay) *ay =Py, + F a0y
X=Xy X=X(k)i

To approximate a solution of Eq. (1.6), by analogy with [4], we interpolate a sample of numerical
datax‘&))‘. (g = 0, K, p =0, M, — 1) corresponding to the ith ISC(i=0,1,...,1)

#txon XM = T (X7, (1) 22)
where
(1 X X = %af,?’(X}“’ WD ()= x) (2.3)

Yffj;(t(k))= dqup(')/dtjlm(k) . j=0M, -1, k=0,K

The coefficients a%(X}M)) are found by solving the system of linear algebraic equations (2.3).
Fixingk =0,1,...,Kandj=0,1,...,M;,, we associate with the meshpoints xq; (i = 0,1, ...,
1) the sequence of values a(,{}(Xi(M)) and interpolate

o (X*)= LB (X, (x) (24)
(summation from r = 0 to r = I). Here

TBL (XM, (xp) =l (XM (25)

r

The coefficients 322 (X*) are found by solving the system of equations (2.5).
Thus, by (2.2)~(2.5), the approximate solution X (t, x(g), X*) can be represented in the form

2. X0y XM) = T (x0), XM )1, () = ) P XM, (x0))Y g (1) (2:6)
q.p q.pr
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where

(p) y(M) ) —
(I-ZP-’ gr (X )p»,(x(o),' )'Yq],, (ty) = X(g,'

If the construction of the ISCs (2.2) utilizes the Hermite interpolation formula, it is natural to put
Yo(t) = Hg(t), a(g &™) = x((’,‘l)),.. Then expression (2.2) becomes

M, (d)
% 11| (=t Q, (1)
x(t, x i'xi(M))= Zx(”’.-H =3 X(P)i__ te) K 2.7
© Zxaofla D= 2 Xai 171 g (0 RPN (27

QK(I) = (t—l(o) )M() (t"'t(l))Ml "‘(t_t(K) )MK

(summation over d fromd =0tod = M, -p - 1).
Using the Lagrange polynomial L {x) in interpolation (2.4), we obtain

i . : W, (x0))
o (xy. XMy = b xB L (xg))= gx((,g, E—— (’D ‘,"((ol - - (2.8)
@, (x9)) = (o) ~ X030 ) X0y ~ Xcon )--- (X0 = Xcon)
0 (xg))=dw, (x0))/ dxg,
Thus, taking (2.7) and (2.8) into consideration, we can write the solution (2.6) as
2(t,x0) XM= T (x10) 1, XM) (2.9)

M )
Tt XM= B x L (0Hy (1)

Construction of a solution based on x%i
In accordance with the formulation of the problem, when constructing a solution of Eq. (1.7) based
on the data Y™ we shall assume that the quantities xl(ﬂ)‘. are known; they may be calculated by a numerical-
analytic approach based on the use of successive approximations. To do this, we differentiate the following
obvious expression as many times as necessary with respect to x(g (over the interval [¢g), f])
x(1,X0)) = [ f(T.E(T.1(0)1 X0 T+ x(q)

For example, the first and second derivatives are evaluated by the formulae

At x0)) = [T, x00)) (2, DT+ 1
3, xg)) = [ 20 P21+ x (2, x00)) U (1))
Taking the data array (1.11) into consideration, the algorithm for computing x{('k])‘. and x((zl!)‘. reduces
to the following procedures
xf,” (t.x0y)= )'xf,'_], (T.x) )fm(t.x(‘t.x(o),- Ndt+l, n= 1—,_Q—l (2.10)

n _.n
Xy = %G ey Xon))

2Pt x03) = UG (1 x0 )1 £ X (T x 0 )+

+x,(,2_]| (T, X\ )f“](‘t.x(‘t,x(o),- Ndt, n= .1’72 (211)

Q) _ .2
Xy = x}b’ (s X0p)
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These formulae are modifications of the well-known method of successive approximations, applied
to the case in which one has highly accurate data on the family of ISCs, Similarly, successive differenti-
ation with respect to xg) yields appropriate formulae for derivatives x",{) ; of higher orders.

Another approach to the computation ofxl(',]‘) ;s based on using Lindel6f’s theorem, according to which
the algorithm for computing, say, x[(}‘]) ; Teduces to the rule

(i =exp{] fU(.x(T.x9)))dt) (2.12)

Let us interpolate the sample of numerical data x[g‘]) p(p = 0,1,q =0,Np—1),forafixedk = 0,1,
..,K

E(tgy Xy Yo ) = Eaﬁ](ylfm)um(xw)) (2.13)
in which case
im('(k)v X(0)i» YIEN]) = Za[k‘;](ylEN])“[,Q (x0yi) = xw).‘ (2.14)
where ”

[=0,N;-1

Wy (x0) = d'M g (39 d X)) mx
The coefficients o:[,"q],(Y[’,“']) are found by solving the system of equations (2.14).
Fixingi =0,1,...,/and1=0,1,..., N; - 1, we can associate with the meshpoints ¢4, (k = 0, 1,
..., K) the set of values a[g(Y‘i“) and interpolate

(Y=l (r ™y, (0 (2.15)
The coefficients £ (Y!) are found by solving the system of equations
UMYy, (1) =l (™) (2.16)

r

(summation over r from r = 0 to r = K).
Thus, in view of (2.13)~(2.16), the approximate solution X (¢, x(q), Y™) may be written in the form

i(t,x(o,,Y‘”‘)=‘Ea‘;"(r.Y‘"‘)um(x(o,)=q;maﬁl(yl”l Wy ()Y, (1) (2.17)
where
Z B (oY o) = <y (2.18)

If one uses Hermite’s formulae for the interpolation (2.13) and a Lagrange polynomial (p,,(x«)) =
{l{g(fxo(gg; a‘g = x‘(‘}‘l)p, Y(t) = LA¥)) for the interpolation (2.15), the approximate solution (E’ﬁ) takes

(1, x0), YM) = 3 (2,1, YIM) (2.19)
Tt Y= 3 <9 H, (L)
q.p.r

3. SYNTHESIS OF SUBOPTIMAL CONTROL

Let us assume that the functions V3(x) and Q(x, t) are given quadratic forms, as is frequently the case
in practice [1, 5]: V3(x) = w2, Q(x, 1) = q(t)’/2.
In that case, using (1.8), we can write (integration over the interval [t,,, ty])

av

= =UX(ty . I )+ [ q(1)x (1,5, )dt (3.1
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where x(1, y,,) = E(2, tn, Ym) is the solution of Eq. (1.6) for initial data t,,, y,,.
Taking the last relationship into consideration, as well as (1.7), we obtain the control

EM«H = —kz(p(ym I ){U x(tM'ym )*'f‘l(f)x(fv?m )dt} (3.2)

Replacing the exact solution x(t, y,,) in formula (3.2) by the approximate solution X (¢, v,,) as given
by (2.9), we find that the required suboptimal control may be written as

Ut = =K Q(Fry st J0 T Tty XYV 4 [ GO Z (T 2, X ) (3.3)

When the approximate solution ¥ (¢, y.,, Y(N,\]’% is used, the expression for the control differs from (3.3)
only in the replacement of the term X(y,,, ¢, M) by a term (3, ¢, Y) as given by (2.19).

Hence, based on the $pecific form of the equation of free motion (1.6), one can select either of the
two solutions to the problem of the analytic design of control systems. In practical applications, priority
should be given to that sdlution which, while guaranteeing the prescribed accuracy for the synthesis
of suboptimal controls, requires a smaller amount of a priori data about the family of ISCs. In other
words, the decision as to which construction to choose should be based on an examination of the

inequalities
M, SIN
TSI,
Note that in order to construct suboptimal controls of type (3.3) one can use not only Lagrange and

Hermite polynomials, but also other interpolation structures, which may be more convenient from the

standpoint of computer ifh lementation.
With the controls detetmined above, the induced motion of system (1.1) at the mth step (m = 0, 1,
..., M~ 1) will obey the law

B, oo
d_)t’+f(y.t)=¢()’-f)“m+l

;(1,5,,.)= ym* t e[tm'tm«rl ]

4. SELECTION OF INTERPOLATION POINTS

Let us consider the solution of our problem as it applies to the case in which only the array of numbers
(1.11) is used to construct an approximate solution % (1, x)) = % (¢, X0, X© = ¥(t, x), Y¥) of Eq. (1.6).
It is obvious that the true integral curve x(¢, x(g);) differs from the approximate curve X (t, x();) at t = &
by an amount Axgy = X (k). Xoy) — Xy X)) ( € 0, 1). In view of (1.9), let us assume that X (¢, xg)) is
an e-approximation in the sense of the mismatch in the solution, i.e. | X(t, xg)) — x(t(0)) — x(fo, X(0)) | <
&, and when the function X (¢, xg)) is substituted into (1.6) we obtain

i+ f(Z,0)=y(1)

where the mismatch y(#) satisfies the inequality
maxly(¢)i< e

We then obtain the following estimate [2] for the two continuously differentiable solutions x(¢, xp))
and X (¢, xo)

PI(x(t, x(0y)s X(2, X(0y)] = ECXP[L(t ~ t(0))] + %{CXP[L(' —~toy)l-1} =
< e{exp[L(t( 0~ 4o )+%[exp[L(t(K) —toy)]- 1]}

It is well known that the error in two-dimensional interpolation is the remainder term



Synthesis of suboptimal control of stochastic systems using a prognosing model 557

o (f) ax#l
(K+l)!2)tx"I

m,(x(o)) F: L . W (1) ®; (X)) gk+i+2 . .
TSI §("""”"‘m)_(ml)! (I+1)! aF T3y S o xo) (4.1)

x(t,xg)) = X(t, X)) = §('.J(o),x(o))+

where ¢*, £** and x{y), x{o) are certain characteristic values of the variables ¢ and Xy
In view of (4. ]3 thc following inequality may be used when the family of ISCs is being
selected

< Qx. Gy s Dyviv o
1X(2, X,y = X8, X 0y )& —E2_ gy + —L2 (9 - QkiD12<E 4.2
x(t,x,0) = X(8,X(g)) KD T O T K D+ 1y oK @2 = € (4.2)

where
Gy =maxlog (1), Grz2= maxlo; (xq)l
0)

K+l

Qk.1 =max 3% —w ot b0y X))

8X(0)

Q)1 =max|—
L)

al+|
FWEL &(t.10)r X(0)
10)

K+1+2

Dgyy pn = fnax __a:"*' FWE &80y X(0))

Having specified the value of &y, one can numerically select numbers K and 7/ such that Eq. (1.6) can
be integrated to within the required accuracy. The mesh-sizes Ax(qy; and At should be chosen so as to
minimize the error estimate for the two-dimensional interpolation 4.1). (Izhc interpolation points in
that case should coincide with the roots of a Chebyshev polynomial, i.e. to find upper bounds for the
quantities w,(#) and @/(x(g)) one can use the inequalities

K+1
(t) ~40y)

=
m'axlw,((r)l\ STEaT

4.3)
(Xoy = Xop)"™!
rgﬁ)xlm,(x(o) = T
Accordingly, instead of (4.2) we can use the estimate
. oo —10)™ Qu . ou=xo0)™ Gy
Ix(#,x00)) = X(t, X0y 1= 27K (K++l)!+ 27 (1_;1)!‘
(=10 Fow = %)™ Drar 1 c
22K+ 22 (K+D)(I+1) 0 (4.4)
which corresponds to selecting the interpolation points for ¢ and xg) via the formulae
1 2k +1 —
t(k)=3[('(K)—l(o))C082K+2n+t(x)+to], k=0.K (4.5)
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1 2i+1 .
X(o)‘* = 5 (X(O)I - X(on )Cosmn"‘ X(o), + X(o)o , 1= 0, 1

Now, considering i, ,; and fly 41 as €Xact (optimal) and approximate (suboptimal) controls, respectively,
we introduce a measure of the mismatch

) = Uiy 1= k2 1Q(F o) %%-%xz . (4.6)
1=tp,
where
%% SUX(1py )+ [ g(0)X(1. 5, )t 4.7
Taking (4.6) and (4.7) into consideration and using the triangle inequality, we can write
1y 1) = 1 1 21O (Tt WU 1 X(1pg T ) = E (840, T W+ [ (O XL, 5, ) = (1,5, ] (48)
By (4.4) and (4.8), we have the inequality
|y gy =y} k2 DU EQ +G(1py — 1, )EQ ] = € (4.9)
where
g=maxq(r), §=maxiq(y 1)
Hence, with g, given, we can compute
g0 =&, (k2@ +)]”" (4.10)

which in the final analysis determines the required accuracy of integration for Eq. (1.6) by the ISC
method, so as to guarantee the construction of a control of the necessary quality.

The approach proposed here is also applicable to multidimensional systems with vector controls, but
in that case the computer must have sufficient memory capacity to store data arrays corresponding to
the system of differential equations for free motion.

5. EXAMPLE

Let us consider the problem of regulating the angular velocities of a spaceship, on the basis of the example
presented in [6]. For brevity, we shall assume that the state of the spaceship can be estimated to within satisfactory
accuracy and that the separation theorem holds, so that the control problem is solvable in a deterministic formulation

[).

Suppose the motion of a space ship with a single axis of symmetry is described by the equations
N+AYys =uy, yr—Ayy2=uy, y3=uy, t€ltg.ty) G.1)
where y,, y; and y; are the angular velocities (y/(ty) = y;, 0), A is the reduced moment of inertia, £, = 0 [s], and #)
= 10 s]. Here and belowj = 1, 2, 3.

It is required to determine a control that will steer object (5.1) up to time ¢ = #, from the state y;(ty) = y;o to
the state y;(1y), which is optimal in the sense that it minimizes the functional

2,42
M(J)= M<§u 2 @o+[Za] (r)dr+fzﬁ%&d:> 62)
J J

where

Va(y) =3 Vi), 00nn= gqﬁy}m



Synthesis of suboptimal control of stochastic systems using a prognosing model 559

and v; and g; are given coefficients.
The system of equations of free motion, applied to (5.1), is, by analogy with (1.6),

.i'|+Ax2x_1 =0, X'Z—AX|12 =0, i3=0 (5.3)

Stipulating that the maximum admissible computation error in the controls is €;; = 0.5 [%], we use (4.10) to
evaluate the accuracy with which system (5.3) must be integrated by the ISC method

€0, =€,; Vi +q;) (54)

By (5.4) we have €9y = 0.3 [%], &5, = 0.1 [%], €93 = 0.1 [%]. We also specify the domain in which the initial
data may vary as

bi=xig=d|, hy<sxg<d), ly=xyg<dj (5:5)
where
b=01[c') dy=26(c") by=-2[c""]
dy=01[c'}, b=0[c") dy=1,4[c")

Putting t(q) = #o, {4y = sy and proceeding by analogy with (4.5), we select mesh-sizes Ax; (q); = ¥; (g ~X; 051 and
Aty = tg) — g1y SO that the interpolation points are the roots of a Chebyshev polynomi

d; +b; _di-bj cos(zi—l

Xi0i =

2 > Y, u), i=0,1 (5.6)

xy*tioy o — 4oy S( 2k-1 ) —
gy = - [ B =0, X
k) ) 3 0! 3K n k K (5 7

In accordance with (4.4) and the values of £¢;, we choose K and 7 to ensure the required computation accuracy.
The results of the computations imply / = 2, K = 3. Using (5.6) and (5.7) to compute the optimal interpolation
points, we construct a family of 54 ISCs using a fourth-order Runge-Kutta method. Using these ISCs and (5.3),
we obtain the values x(}zk),. = —Ax;_ (K)é%3, (k)i> x(z?k)‘ = Axl' (k)éxz.(k)', x%zk)i =0.

We have thus obtained an array of numbers x(ﬁ)(k)i k=0,1,23;i=01,2;p = 1, 2), which enables us, using
(2.7)+2.9), to express the approximate solution of system (5.3) in the form

: JROIYER I W P
X (t,x(0), )—qz,opgoréjxj_(q),L,(xj_(o))qu(l) (5.8)
Uf,s—z y]’s—‘
2 2
i=d
V7. o= e
g v/ \.}’dz 718 8
4
/4
-2
a q K‘"i ia ts
=]
3
y vl
-8

Fig. 1.



560 Yu. G. Bulychev and A. A. Manin

In view of this formula, the expression for the required suboptimal control will be

- 3 3
Ujmal =_ka{zgivllil(‘uvym-x(M))'*'zIEl‘IIlil(";mvX(M) )d'} (59

We have thus carried out the computational procedures relating to the stage of preliminary synthesis and an
analytic expression has been obtained for the suboptimal control. Specifying the initial data y; o = 2.5 [s7}; 2 ¢
=-17 [s"]; y30=12 [s‘l], V11 = qu = 0.9493; vy, = g2 = 2.3; V33 = ¢33 = 2.1; k; = 1, let us calculate a suboptimal
control for Az,, = 0.5 [s] and the corresponding phase trajectory of system (5.1). For a comparative analysis of the
results, we also determined a control and trajectory for the same initial data, using the traditional algorithm with
prognostic model. Analysis of the results showed that the relative error in computing the controls using the method
proposed above was at most 107, owing to the closeness of the approximate solution (5.8) to the solution obtained
numerically.

Figure 1 shows graphs of the suboptimal control computed using (5.9) and the corresponding phase trajectory
of the system (5.1).

6. CONCLUSION

For any optimal control algorithm with a prognosis model based on difference stencils [1], the model
must be “run” at each step for the construction and numerical differentiation of V{(x, t) as a function
of x. The number of such “runs” in the simplest two-point scheme to compute the derivative for a
multidimensional object is § + 1, where S is the dimension of the control vector [1]. In an r-point
difference scheme the number of “runs”reaches (r — 1)§ + 1[1], a figure that, in practice, may require
enormous computational resources.

The use of the method developed in this paper enables one to circumvent the need for multiple “runs”
of the kind described, since the solution of the equation of free motion, and hence also the required
controls, are found in analytic form, and their computation requires only the substitution into formula
(3.3) of the initial data supplied to the control system at each step.

Thus, the method is suitable for extensive use in problems of the analysis and synthesis of suboptimal
systems for controlling objects described by non-linear differential equations—a fairly typical situation.
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